INTRODUCTION
============

Rate-equilibrium free energy relationship (REFER) analysis is a methodology originally developed to characterize the energetics of simple chemical reactions ([@bib27]; [@bib18]). Recently, this approach has been successfully applied to glean insight into the dynamics of protein conformational changes, such as the opening conformational transitions of ligand-gated ion channels (e.g., [@bib17]; [@bib14]; [@bib7]). Using this methodology, the relative timing of movements of different structural regions of the channel protein can be deduced ([@bib40]; [@bib6]). So far, REFER analysis has been applied to reversible systems that are known to be at thermodynamic equilibrium.

For the majority of ion channels, gating is assumed to be an equilibrium process, in contrast to transporters that use an external source of energy to complete their catalytic cycles. As a consequence, ion channel biophysicists generally do not encounter irreversible or nonequilibrium mechanisms. However, some channel and transporter mechanisms have lately been found to intersect, suggesting that evolutionary divergence from common ancestors has given rise to related families of channels and transporters ([@bib16]; [@bib28]; [@bib9]; [@bib12]; [@bib15]). Channels with transporter-like features and transporters with channel-like features are more abundant than previously envisaged. One such example is CFTR, a chloride ion channel that belongs to the ABC transporter superfamily ([@bib34]). Transport function of ABC proteins is linked to ATP hydrolysis and is hence a nonequilibrium process ([@bib21]; [@bib31]). Likewise, gating of the CFTR channel pore has been linked to ATP hydrolysis ([@bib19]; [@bib23]) and has been found to violate microscopic reversibility ([@bib20]; [@bib24]; [@bib39]), implying a nonequilibrium mechanism. Members of the Clc channel/transporter superfamily provide another example; Clc chloride channels appear to have evolved from ancestral transporters, and violations of microscopic reversibility in Clc channel gating ([@bib33]; [@bib32]; [@bib10]; [@bib11]; [@bib28]; [@bib9]; [@bib26]) suggest that these channels have also retained vestiges of their ancestors' nonequilibrium conformational cycles.

The success of REFER studies on ligand-gated ion channels has encouraged its recent application to CFTR channel gating ([@bib35]; [@bib4]). Although CFTR is indisputably an ABC protein, whether CFTR gating is a nonequilibrium process is still heavily debated, and some earlier studies were argued to provide evidence for its equilibrium nature ([@bib1]; [@bib2]). Most recently, linear REFER plots and complementary REFER slopes for opening and closure of CFTR have been interpreted to provide further support for this notion, and to rule out a nonequilibrium mechanism ([@bib4]).

At a time when the channel--transporter boundary is broadening, it might be useful to researchers working at the margin between these two families of transport proteins to examine some of the basic thermodynamic features of nonequilibrium schemes. By deriving the analytical form of the Brønsted plots for the simplest cyclic gating mechanism, a three-state model, this paper examines whether (1) a mechanism can be identified as equilibrium or nonequilibrium from the characteristics of REFER plots, and (2) whether information on the transition-state structures can be obtained from REFER plots for gating mechanisms that are known to be obligatory cycles.

MATERIALS AND METHODS
=====================

Reaction rates are assumed to conform to transition-state theory. Thus, a rate *k* is obtained as$$k = \text{A} \cdot \text{e}^{\text{-}\frac{\Delta\text{G}^{\ddagger}}{\text{RT}}},$$where ΔG^‡^ reflects the height of the free energy barrier (the transition-state T^‡^, for the C to O transition; see [Fig. 2 A](#fig2){ref-type="fig"}). Classical REFER analysis is based on the assumption that the energetic perturbation of the transition state is a linear combination of the energetic perturbations of the ground states ([@bib27]; [@bib18]). Thus, if a structural perturbation changes the free energy of the open ground state (relative to the closed ground state) by δΔG~O~, then the free energy of the transition state will change by ΦδΔG~O~ ([Fig. 2 A](#fig2){ref-type="fig"}, dashed line). As a consequence, the logarithms of the forward and backward rate constants (*k*~CO~ and *k*~OC~; [Fig. 1 A](#fig1){ref-type="fig"}) will change by −ΦδΔG~O~/(RT) and −(Φ−1)δΔG~O~/(RT), respectively, whereas the logarithm of the equilibrium constant changes by −δΔG~O~/(RT). REFER plots (Brønsted plots) are log-log plots of forward or backward rates as a function of the equilibrium constant for a series of structural perturbations typically introduced into a single region of a protein. For Scheme 1 in [Fig. 1 A](#fig1){ref-type="fig"}, the slopes of these plots will be Φ and Φ−1, respectively, allowing experimental determination of Φ. Based on the above simple picture, a high Φ value (close to 1) indicates that in the transition state, the perturbed region of the protein is already near its open-state conformation, whereas a Φ value close to 0 is an indication that the region is still closed-like in the transition state.

![A simple equilibrium and simple nonequilibrium gating scheme. (A) Simple equilibrium gating scheme (Scheme 1) with opening (*k*~o~) and closing rates (*k*~c~) reflecting forward and backward passage across the same free energy barrier. (B) Simple nonequilibrium gating scheme (Scheme 2). Because transition O~2~→C is fast compared with transition O~1~→O~2~, channel closing rate is determined by the rate of the latter transition (*k*~2~).](JGP_200910268_LW_Fig1){#fig1}

![Free energy landscapes for a simple equilibrium and a simple nonequilibrium gating scheme. (A) Free-energy landscape for the mechanism in Scheme 1; the reversible, equilibrium transition C↔T^‡^↔O is shown without (solid line) and after (dashed line) a structural perturbation. T^‡^ denotes the transition state. (B) Free-energy landscape for an observable closed→open→closed transition based on the mechanism in Scheme 2; landscapes without (solid line) and after (dashed line) a structural perturbation are shown. T^‡^~1~ and T^‡^~2~ denote the transition states for the C→O~1~ and the O~1~→O~2~ transition, respectively. T^‡^~3~, the transition state for step O~2~→C, reflects a low energetic barrier compared with T^‡^~2~, and has therefore little effect on closing rate (dotted lines). Irreversibility is a consequence of unequal barrier heights for exiting each of the ground states in the forward versus backward direction. Notation C\* emphasizes that after each closure, the entire system has changed relative to the pre-open situation (e.g., 1 ATP has been converted to ADP+P), even though the channel protein itself has adopted its pre-open conformation (C).](JGP_200910268_LW_Fig2){#fig2}

For simplicity, this study assumes the above simple barrier model and classical interpretation of the Φ value. In reality, energy landscapes for ion channel gating transitions are likely more complex, but recent work has shown that for such reactions, experimental Φ values still reflect the temporal sequence in which different regions of the protein move during a closed--open transition ([@bib40]; [@bib6]). To what extent are the results presented here ([Eqs. 5--20](#fd5){ref-type="disp-formula"}[](#fd6){ref-type="disp-formula"}[](#fd7){ref-type="disp-formula"}[](#fd8){ref-type="disp-formula"}[](#fd9){ref-type="disp-formula"}[](#fd10){ref-type="disp-formula"}[](#fd11){ref-type="disp-formula"}[](#fd12){ref-type="disp-formula"}[](#fd13){ref-type="disp-formula"}[](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"}[](#fd17){ref-type="disp-formula"}[](#fd18){ref-type="disp-formula"}[](#fd19){ref-type="disp-formula"}[](#fd20){ref-type="disp-formula"}) applicable to such situations? Note that [Eqs. 10](#fd10){ref-type="disp-formula"} and [11](#fd11){ref-type="disp-formula"}, although derived here using classical simple energy barriers ([Fig. 2 B](#fig2){ref-type="fig"} and [Eqs. 5--9](#fd5){ref-type="disp-formula"}[](#fd6){ref-type="disp-formula"}[](#fd7){ref-type="disp-formula"}[](#fd8){ref-type="disp-formula"}[](#fd9){ref-type="disp-formula"}), can be equivalently written as $\delta\ln\mathit{k}_{o} = \Phi_{1} \cdot \delta\ln\mathit{K}_{eq(C - O1)}$ and $\delta\ln\mathit{k}_{c} = \left( {1 - \Phi_{2}} \right) \cdot \delta\ln\mathit{K}_{eq(O1 - O2)}$, where *K*~eq(C-O1)~ and *K*~eq(O1-O2)~ are the equilibrium constants for steps C-O~1~ and O~1~-O~2~, respectively (although the system is not at equilibrium, these constants do exist). Thus, [Eqs. 10](#fd10){ref-type="disp-formula"} and [11](#fd11){ref-type="disp-formula"}---and all the equations that follow ([Eqs. 12--20](#fd12){ref-type="disp-formula"}[](#fd13){ref-type="disp-formula"}[](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"}[](#fd17){ref-type="disp-formula"}[](#fd18){ref-type="disp-formula"}[](#fd19){ref-type="disp-formula"}[](#fd20){ref-type="disp-formula"})---really only require that for both steps the logarithm of the forward rate constant be approximately linearly related to the logarithm of the equilibrium constant. The conclusions of this study therefore rely only on this typically observed empirical relationship, not on the actual physical interpretation of the Φ value.

The REFER plots for Scheme 2 in [Fig. 1 B](#fig1){ref-type="fig"}, shown in [Fig. 3](#fig3){ref-type="fig"}, were calculated using [Eqs. 14--16](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"} (or [Eqs. 10--12](#fd10){ref-type="disp-formula"}[](#fd11){ref-type="disp-formula"}[](#fd12){ref-type="disp-formula"} in [Fig. 3, E and F](#fig3){ref-type="fig"}), for δΔG~O1~ values ranging from −2 to +2 RT (in 0.2-RT increments). Linear regression ([Fig. 3](#fig3){ref-type="fig"}, solid lines) across either the entire set ([Fig. 3, A--D](#fig3){ref-type="fig"}) or a restricted set ([Fig. 3, E and F](#fig3){ref-type="fig"}, solid symbols) of these data points was used to obtain slope factors.

![Calculated REFER plots for Scheme 2. Unperturbed opening and closing rates were *k*~o~ = 4.348 s^−1^ and *k*~c~ = 4.545 s^−1^, and Φ-values were Φ~1~ = 0.5 and Φ~2~ = 0.5. (A--D) REFER plots for opening (A and C) and closure (B and D) under the assumption of [Eq. 13](#fd13){ref-type="disp-formula"}. In A and B, *a* = 1, and in panels C and D, *a* = 0.25. Values for log*k*~o~′ and log*k*~c~′ were calculated for δΔG~O1~ ranging from −2 to +2 RT (in 0.2-RT increments) using [Eqs. 14](#fd14){ref-type="disp-formula"} and [15](#fd15){ref-type="disp-formula"}, and plotted as a function of log*K*~app~′ calculated using [Eq. 16](#fd16){ref-type="disp-formula"}. Solid lines are linear regressions to the plots, and fitted slope values are printed in each panel. (E and F) REFER plots for opening (E) and closure (F), assuming the arbitrary nonlinear relationship $\delta\Delta G_{O2} = 0.25\left( {e^{\delta\Delta G_{O1}} - 1} \right)$. Values for log*k*~o~′ and log*k*~c~′ were calculated for δΔG~O1~ ranging from −2 to +2 RT (in 0.2-RT increments) using [Eqs. 10](#fd10){ref-type="disp-formula"} and [11](#fd11){ref-type="disp-formula"}, and plotted as a function of log*K*~app~′ calculated using [Eq. 12](#fd12){ref-type="disp-formula"}. Solid symbols correspond to δΔG~O1~ values of −0.6 RT, −0.4 RT, −0.2 RT, 0, +0.2 RT, +0.4 RT, and +0.6 RT. Solid lines are linear regressions through this restricted set of data points, and fitted slope values are printed in each panel. (In all panels, the more conventionally used log-log plots are shown instead of the natural logarithms used in [Eqs. 14--16](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"}. This transformation affects neither the slopes nor the shapes of the plots.)](JGP_200910268_LW_Fig3){#fig3}

RESULTS AND DISCUSSION
======================

This study compares a cyclic mechanism ([Fig. 1 B, Scheme 2](#fig1){ref-type="fig"}) with a two-state equilibrium mechanism ([Fig. 1 A, Scheme 1](#fig1){ref-type="fig"}). It must be emphasized that, mechanistically, three states are minimally required for a nonequilibrium reaction cycle. Although, kinetically, two-state cyclic models can be constructed assuming two states connected by two distinct pathways, such models are necessarily simplifications that, for kinetic reasons, neglect intermediate state(s) along one or both of those pathways. (e.g., kinetically, Scheme 2 also behaves as a two-state system because the short-lived O~2~ state can be lumped into state C.) Here, Scheme 1 is assumed to be a true mechanistic two-state model.

Can a reversible, equilibrium scheme be inferred from complementarity of REFER slopes for opening and closure?
--------------------------------------------------------------------------------------------------------------

For the simple reversible Scheme 1 in [Fig. 1 A](#fig1){ref-type="fig"}, the slopes of the Brønsted plots for opening (Φ~o~) and closure (Φ~c~) are "complementary" to each other in the sense that Φ~c~ = Φ~o~ − 1 (see Materials and methods). But is this feature unique to reversible schemes? Let us consider an arbitrary gating scheme that may or may not include irreversible steps. Suppose the current of a single channel is recorded for some length of time *T*, during which the channel produces *n* openings and closures of duration *t*~o1~, *t*~c1~,...*t*~on~, *t*~cn~, respectively. Mean open time (τ~o~) and mean closed time (τ~c~) and open probability (P~o~) are then obtained as$$\tau_{\text{o}} = \frac{1}{n}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok,}}}\tau_{\text{c}} = \frac{1}{n}{\sum\limits_{\text{k} = 1}^{\text{n}}{t_{\text{ck,}}\text{and}}}\text{P}_{\text{o}} = \frac{1}{T}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok}.}}$$Because$$T = {\sum\limits_{\text{k} = 1}^{\text{n}}{t_{\text{ok}} +}}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ck,}}}$$the previous equation can be rewritten as$$\begin{array}{l}
{\text{P}_{\text{o}} = \left( {\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok}}} \right)/\left( {{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok}}} + {\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ck}}}} \right)} \\
{= \left( {\frac{1}{n}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok}}}} \right)/\left( {\left( {\frac{1}{n}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ok}}}} \right) + \left( {\frac{1}{n}{\sum\limits_{\text{k} = 1}^{\text{n}}t_{\text{ck}}}} \right)} \right) = \frac{\tau_{\text{o}}}{\tau_{\text{o}} + \tau_{\text{c}}}.} \\
\end{array}$$

This simple relationship between mean open times, mean closed times, and open probability ([Eq. 2](#fd2){ref-type="disp-formula"}) is fundamentally true for any gating scheme, reversible or irreversible, and therefore, in contrast to published suggestions ([@bib1]; [@bib4]), provides no evidence concerning the mechanism of CFTR channel gating.

What is the corollary of [Eq. 2](#fd2){ref-type="disp-formula"} for REFER analysis? Using mean opening and closing rates, defined as the inverses of the mean closed and open times (*k*~o~ = 1/τ~c~, *k*~c~ = 1/τ~o~), [Eq. 2](#fd2){ref-type="disp-formula"} can be rewritten as$$P_{o} = \frac{\mathit{k}_{o}}{\mathit{k}_{o} + \mathit{k}_{c}}.$$

Let us formally define *K*~app~ = P~o~/(1−P~o~). If the process is reversible, then *K*~app~ is the apparent equilibrium constant between the set of open states and the set of closed states; if the process is far from equilibrium, and hence effectively irreversible, then *K*~app~ has no physical meaning. Nonetheless, for both cases it follows from [Eq. 3](#fd3){ref-type="disp-formula"} that *K*~app~ = *k*~o~/*k*~c~, i.e., ln *K*~app~ = ln*k*~o~ − ln*k*~c~. For any functions *f*~1~, *f*~2~, and *F* = *f*~1~ − *f*~2~, it necessarily follows that $${\frac{\partial\left( f_{1} - f_{2} \right)}{\partial F} = 1,}{\text{from\ which}\frac{\partial f_{2}}{\partial F} = \frac{\partial f_{1}}{\partial F} - 1.}$$Therefore, by necessity,$$\frac{\partial\left( \text{ln}k_{\text{c}} \right)}{\partial\left( \text{ln}K_{\text{app}} \right)} = \frac{\partial\left( \text{ln}k_{\text{o}} \right)}{\partial\left( \text{ln}K_{\text{app}} \right)} - 1.$$

In other words, the slopes of the REFER plots for opening (Φ~o,app~) and closure (Φ~c,app~) will always follow the "complementarity" described above for Scheme 1 (i.e., Φ~c,app~ = Φ~o,app~ − 1), whether or not a gating scheme contains irreversible steps. Ultimately, the relationship in [Eq. 4](#fd4){ref-type="disp-formula"} is a reflection of the fact that every ion channel---regardless of the mechanism that operates its gates---spends complementary fractions of time open versus closed. Demonstration that this relationship holds therefore cannot be interpreted as providing evidence to support an equilibrium mechanism of gating of the CFTR channel (compare with [@bib4]).

Does an equilibrium mechanism guarantee linearity of REFER plots?
-----------------------------------------------------------------

Experimental REFER plots for ligand-gated ion channels have so far been found to be mostly linear (e.g., [@bib17]; [@bib8], but, compare with [@bib29]). But is this linearity attributable to the known equilibrium nature of their gating mechanisms? There is certainly no theoretical requirement for REFER plots to be linear for equilibrium schemes, and the original theory, which assumed barrier functions to be simple intersecting parabolas ([@bib27]), predicts REFER plots to be quadratic (the predicted negative curvature is known as the Hammond effect). The linearity assumption is a first-order approximation, assumed to be valid for small perturbations.

Recent studies have concluded that the opening/closing transition of the nicotinic acetylcholine receptor channel reflects sequential passage through a series of short-lived intermediate states, too brief to be detected in patch clamp recordings ([@bib5]; [@bib40]). Such transition-state ensembles are best described by broad flat energy barriers that contain multiple shallow wells. Passage across such barriers requires first reaching the high-energy plateau, and then leaving the plateau in the forward direction after a random walk across the series of shallow wells. Thus, several successful attempts to reach the high-energy plateau are typically required to traverse it. Mathematical description of such reversible systems predicts REFER plots with substantial curvature, in fact more than has been observed experimentally ([@bib40]). Thus, linearity of the majority of REFER plots observed to date is not a consequence of the reversible, equilibrium nature of the underlying mechanisms.

Can an equilibrium mechanism be inferred from linear REFER plots?
-----------------------------------------------------------------

Although much recent effort has been devoted to better understanding REFER data for ion channel gating, these efforts have focused on reversible, equilibrium mechanisms. As a first step to examine what can be learned about nonequilibrium mechanisms using this methodology, this section derives the REFER relationships for the simplest possible cyclic scheme, a three-state model ([Fig. 1 B, Scheme 2](#fig1){ref-type="fig"}).

Of note, Scheme 2 represents a simplified version of the cyclic gating scheme used by several groups to describe open burst/closed interburst cycles of the CFTR chloride channel (for review see [@bib16] and [@bib22]), in contrast to a Scheme 1--like equilibrium suggested by others ([@bib1]; [@bib2], [@bib3], [@bib4]). Apart from its unique regulatory domain, CFTR conforms to typical ABC protein architecture, comprising two transmembrane domains (which in CFTR form the channel pore), and two intracellular nucleotide binding domains (NBDs; NBD1 and NBD2). Upon ATP binding, ABC NBDs form tight dimers, rapid disruption of which requires prior hydrolysis of at least one of the two ATP molecules buried at the dimer interface ([@bib30]; [@bib36]; [@bib25]; [@bib37]). For CFTR, there is strong evidence that NBD dimer formation and dissociation are tightly coupled to pore opening and closure ([@bib38]). Thus, in Scheme 2, transition C→O~1~ represents formation of the NBD1-NBD2 heterodimer, transition O~1~→O~2~ represents hydrolysis of ATP at the NBD2 catalytic site, and transition O~2~→C represents rapid dissociation of the NBD dimer after ATP hydrolysis. Although ultimately all three steps are reversible, reverse rates O~1~→C, O~2~→O~1~, and C→O~2~ are neglected because evidence suggests that they are much slower than the forward rates, at least for rates O~1~→C and C→O~2~ (e.g., [@bib38]; [@bib13]). At saturating \[ATP\], the closed interburst states are lumped into a single, fully liganded state (C).

The free-energy landscape for such a mechanism is somewhat unusual ([Fig. 2 B](#fig2){ref-type="fig"}). During each open→close burst cycle, one molecule of ATP is converted to ADP plus phosphate and, therefore, the system does not return to the same ΔG level it experienced before opening (compare states C\* vs. C in [Fig. 2 B](#fig2){ref-type="fig"}). Also, opening followed by closure reflects transitions across two distinct ΔG barriers, ΔG^‡^~1~ and ΔG^‡^~2~ ([Fig. 2 B](#fig2){ref-type="fig"}). Because rate O~2~→C is fast compared with rate O~1~→O~2~, closure is rate-limited by transition across the barrier O~1~→O~2~ (rate *k*~2~). Therefore, the rates of opening to, and closing from, a burst can be written as$$\mathit{k}_{o} = A_{1}e^{- \frac{\Delta G_{1}^{\ddagger}}{RT}},$$$$\mathit{k}_{c} = A_{2}e^{- \frac{\Delta G_{2}^{\ddagger}}{RT}},$$and the apparent equilibrium constant is$$\mathit{K}_{app} = \frac{A_{1}}{A_{2}}e^{- \frac{\Delta G_{1}^{\ddagger} - \Delta G_{2}^{\ddagger}}{RT}}$$

Suppose a perturbation alters the free energies of the open ground states O~1~ and O~2~ (relative to the free energy of the preceding closed state) by δΔG~O1~ and δΔG~O2~, and that the conventional REFER assumption holds, i.e., that the consequent changes in barrier heights are linear combinations of the free energy changes of the ground states that the barriers separate ([Fig. 2 B](#fig2){ref-type="fig"}, dashed line). Then the perturbed barrier height for opening will be $\Delta G_{1}^{\ddagger} + \Phi_{1}\delta\Delta G_{O1}$, and that for closure$$\begin{array}{l}
{\Delta G_{2}^{\ddagger} - \delta\Delta G_{O1} + \left( {\Phi_{2}\delta\Delta G_{O1} + \left( {1 - \Phi_{2}} \right)\delta\Delta G_{O2}} \right) =} \\
{\Delta G_{2}^{\ddagger} + \left( {\Phi_{2} - 1} \right)\left( {\delta\Delta G_{O1} - \delta\Delta G_{O2}} \right)} \\
\end{array}$$

([Fig. 2 B](#fig2){ref-type="fig"}). Correspondingly, the modified opening and closing rates and apparent equilibrium constant will become$$\mathit{k}_{o}’ = A_{1}e^{- \frac{\Delta G_{1}^{\ddagger} + \Phi_{1}\delta\Delta G_{O1}}{RT}},$$$$\mathit{k}_{c}’ = A_{2}e^{- \frac{\Delta G_{2}^{\ddagger} + {({\Phi_{2} - 1})}{({\delta\Delta G_{O1} - \delta\Delta G_{O2}})}}{RT}},$$and$$\mathit{K}_{app}’ = \frac{A_{1}}{A_{2}}e^{- \frac{\Delta G_{1}^{\ddagger} - \Delta G_{2}^{\ddagger}}{RT}}e^{- \frac{\delta\Delta G_{O1}{({\Phi_{1} - \Phi_{2} + 1})} + \delta\Delta G_{O2}{({\Phi_{2} - 1})}}{RT}}.$$

Thus, for the general case, the logarithms of the above parameters can be written as$$\ln\mathit{k}_{o}’ = \ln\mathit{k}_{o} - \frac{\delta\Delta G_{O1}}{RT}\Phi_{1},$$$$\ln\mathit{k}_{c}’ = \ln\mathit{k}_{c} - \frac{\left( {\delta\Delta G_{O1} - \delta\Delta G_{O2}} \right)}{RT}\left( {\Phi_{2} - 1} \right),$$and$$\ln\mathit{K}_{app}’ = \ln\mathit{K}_{app} - \frac{\delta\Delta G_{O1}}{RT}\left( {\Phi_{1} - \Phi_{2} + 1} \right) - \frac{\delta\Delta G_{O2}}{RT}\left( {\Phi_{2} - 1} \right).$$

To construct REFER plots, a series of perturbations are introduced into a single region of the protein (e.g., a series of mutations of a given amino acid residue), which will result in a series of different δΔG~O1~ and δΔG~O2~ values. The resulting ln*k*~o~' and ln*k*~c~' values are then plotted as a function of ln*K*~app~'. From [Eqs. 10--12](#fd10){ref-type="disp-formula"}[](#fd11){ref-type="disp-formula"}[](#fd12){ref-type="disp-formula"}, it is clear that the slopes of these REFER plots will depend on the relative extent by which mutations of a given residue destabilize the O~1~ and O~2~ ground states.

Let us first consider the simple (but not unrealistic) situation in which the energetic perturbations of the O~1~ and O~2~ ground states, caused by mutations of a given residue, are proportional to each other, i.e.,$$\delta\Delta G_{O2} = \mathit{a} \cdot \delta\Delta G_{O1}.$$

In this case, [Eqs. 10--12](#fd10){ref-type="disp-formula"}[](#fd11){ref-type="disp-formula"}[](#fd12){ref-type="disp-formula"} become$$\ln\mathit{k}_{o}’\left( {\delta\Delta G_{O1}} \right) = \ln\mathit{k}_{o} - \frac{\delta\Delta G_{O1}}{RT}\Phi_{1},$$$$\ln\mathit{k}_{c}’\left( {\delta\Delta G_{O1}} \right) = \ln\mathit{k}_{c} - \frac{\delta\Delta G_{O1}}{RT}\left( {1 - \mathit{a}} \right)\left( {\Phi_{2} - 1} \right),$$and$$\ln\mathit{K}_{app}’\left( {\delta\Delta G_{O1}} \right) = \ln\mathit{K}_{app} - \frac{\delta\Delta G_{O1}}{RT}\left( {\Phi_{1} - \left( {1 - \mathit{a}} \right)\left( {\Phi_{2} - 1} \right)} \right).$$

From [Eqs. 14--16](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"}, it is clear that in this case the Brønsted plots will be linear, with slopes$$\Phi_{\text{o,app}} = \frac{\Phi_{1}}{\Phi_{1} - \left( 1 - a \right)\left( \Phi_{2} - 1 \right)}$$and$$\Phi_{\text{c,app}} = \frac{\left( 1 - a \right)\left( \Phi_{2} - 1 \right)}{\Phi_{1} - \left( 1 - a \right)\left( \Phi_{2} - 1 \right)}.$$

From [Eqs. 17](#fd17){ref-type="disp-formula"} and [18](#fd18){ref-type="disp-formula"}, it is easy to see that the obligate complementarity Φ~c,app~ = Φ~o,app~ − 1 obviously applies. The panels in [Fig. 3 (A--D)](#fig3){ref-type="fig"} show calculated REFER plots for Scheme 2 under the assumption given in [Eq. 13](#fd13){ref-type="disp-formula"}; in A and B, *a* = 1 (i.e., δΔG~O1~ = δΔG~O2~), and in C and D, *a* = 0.25. The plots were constructed for δΔG~O1~ values ranging from −2 to +2 RT (in 0.2-RT increments) using [Eqs. 14--16](#fd14){ref-type="disp-formula"}[](#fd15){ref-type="disp-formula"}[](#fd16){ref-type="disp-formula"}, and fitted by linear regression (solid lines). The fitted slopes in each case returned the values predicted by [Eqs. 17](#fd17){ref-type="disp-formula"} and [18](#fd18){ref-type="disp-formula"}.

Thus, Scheme 2 with the assumption in [Eq. 13](#fd13){ref-type="disp-formula"} provides an example of a nonequilibrium scheme that generates linear REFER plots. Because a single counterexample is sufficient to invalidate a hypothesis, we can conclude that the nature (equilibrium vs. nonequilibrium) of the underlying mechanism cannot be inferred from linearity of the REFER plots (compare with [@bib4]).

In the more general case, the energetic perturbations of the O~1~ and O~2~ ground states, caused by mutations of a given residue, need not be proportional to each other ([Eq. 13](#fd13){ref-type="disp-formula"} does not necessarily apply). However, if at least some kind of correlation exists between δΔG~O2~ and δΔG~O1~, described by some arbitrary nonlinear function $\delta\Delta G_{O2} = g\left( {\delta\Delta G_{O1}} \right)$, then for small perturbations the first-order approximation$$\delta\Delta G_{O2} \approx g’\left( 0 \right)\delta\Delta G_{O1}$$

will still be applicable. Thus, the REFER plots will be close-to-linear in some range around ln*K*~app~' = ln*K*~app~, with slopes given by [Eqs. 17](#fd17){ref-type="disp-formula"} and [18](#fd18){ref-type="disp-formula"}, with the substitution *a* = g′(0). Whether deviations from linearity can be experimentally observed in such situations will depend on the curvature of the REFER plots and on the experimentally testable range of *K*~app~'. [Fig. 3 (E and F)](#fig3){ref-type="fig"} shows calculated REFER plots for opening ([Fig. 3 E](#fig3){ref-type="fig"}) and closure ([Fig. 3 F](#fig3){ref-type="fig"}) for Scheme 2, assuming the entirely arbitrary nonlinear relationship $\delta\Delta G_{O2} = 0.25\left( {e^{\delta\Delta G_{O1}} - 1} \right)$. Although these plots are substantially nonlinear, the curvatures are little apparent for an ∼10-fold range of *K*~app~' values (for log*K*~app~' between ∼−0.5 and ∼+0.5; solid symbols). Note, because g′(0) = 0.25 in this case, linear regressions through the data points of this restricted range returned slope values identical to those in [Fig. 3 (C and D)](#fig3){ref-type="fig"}.

What can be learned about the transition-state structures for a cyclic scheme?
------------------------------------------------------------------------------

Inspecting [Eq. 17](#fd17){ref-type="disp-formula"}, one might hope that the observable REFER slope Φ~o,app~ might carry some information on the two transition-state structures of Scheme 2, i.e., on Φ~1~ and Φ~2~. Expressing Φ~1~ from [Eq. 17](#fd17){ref-type="disp-formula"} yields$$\Phi_{1} = \frac{\Phi_{\text{o,app}}}{1 - \Phi_{\text{o,app}}}\left( 1 - a \right)\left( 1 - \Phi_{2} \right).$$

Because neither Φ~2~ nor *a* are known, the REFER slopes will provide no information on the true transition states for all but two limiting cases. One limiting situation is if the observed REFER slope for opening is unity (Φ~o,app~ = 1); this implies ([Eq. 17](#fd17){ref-type="disp-formula"}) that either Φ~2~ = 1 or *a* = 1 (in both cases the energetic perturbation of the O~1~→O~2~ transition state equals that of the O~1~ ground state), whereas the value of Φ~1~ remains undefined. The other limiting situation is Φ~o,app~ = 0; this implies ([Eq. 17](#fd17){ref-type="disp-formula"}) that Φ~1~ = 0 (in the C→O~1~ transition state, the conformation of the studied residue still resembles its conformation in the C ground state), whereas Φ~2~ remains undefined.

Conclusions
-----------

The above simple examples clearly demonstrate that the characteristics of REFER plots do not carry information on reversibility or irreversibility of the underlying gating mechanism, given that both reversible and irreversible mechanisms can result in either linear or nonlinear REFER plots, whereas the complementarity (in the sense defined by [Eq. 4](#fd4){ref-type="disp-formula"}) is a trivial feature true for any mechanism. Additionally, only very limited information about the transition-state structures can be obtained by REFER analysis for gating schemes that are known to be irreversible.
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